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A solution of Stokes’ problem for the
ellipsoidal Earth by means of

Green’s function

M.I.Yurkina

A solution of Stokes’ boundary problem for the ellipsoidal (spheroidal) Earth accounting for terms of
the order of the Earth's flattening can be obtained in spheroidal coordinates u, v, w, which are
connected with cartesian ones by formulas

x=c sinu cosv chw, y=c sinu sinv chw,  z=c cosu shw,

Lamé’s coefficients being

hu=hw=c(ch2w-sin2u)1/2, hv=c sinu chw.

On the Earth’s spheroid we have

hu=hv=a (1- c

a
u

2

2

2 1 2sin ) ,/  hv=a sinu,

where c=(a2-b2)1/2 and a, b are the semi-axes of the spheroid. Green’s function of the Stokes’
problem for the ellipsoidal Earth can be established by means of Green’s formula
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T being the disturbing potential, ν the external normal to the ellipsoidal surface S, rTds being the
distance between the fixed point out of the spheroid and the element dS. The Green’s function can be

found as a sum 1
rTds

+ϕ ,  the function ϕ being a harmonic function out of the spheroid. The derivative

∂
∂ν
T  can be excluded from the formula (1) by means of the boundary condition

∂
∂ν γ
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∂ν γT T g− ⋅ = − −( ),

g being the gravity, γ its normal value. Then
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the unknown part ϕ of the Green’s function should satisfy the boundary condition

∂ϕ
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ϕ
γ
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∂ν− ⋅ + − ⋅ =  1

r rTTds Tdss

1 1 0. (2)

This approach is suggested by Ostach (1969). It can be written
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The derivative ∂ϕ
∂ν  can be excluded from (3) by means of the boundary condition (2) and an integral

equation for function ϕ will be obtained
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As it is known
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We have for the current point of the surface S

It can be obtained by means of known formulas (Gradshtein, Ryzhik 1965)
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It can be written with the assumed accuracy
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where .p GM
b32ω=  The function ϕ for the spheroidal Earth can be represented by an expansion

It will be possible to express coefficients Anm after substitution of formula (5) into the equation (4)
and collecting terms with Pnm (cosut) Pnm (cos uϕ). Since
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The next integral can be expressed by means of the known relation

Then



560

We get

KnmAnm=Lnm

where

{
}

{ ×=ν⋅

=++=

ν−ν⋅+

+⋅+

ϕ+

∞

=

π
∂
∂

=−−
−−−

+−
−+−

++
++++

ϕϕ+
−

+
=

ϕ+

∞

=

π

∑∫

∑

∑

ϕ
�������������

��������� �

���

�
�
�

����������������

����������

��
�

���

���������

�����

��������
����

��������

������

���

���

��
�

��
�

�

��

�

�

�	�	�����

���

�����	�	

��	�	

Q7QQ

Q

Q

EUZU

V

PQPQQQ

PQPQ

QQ

QPQ

QQ

PQPQ

QP

7QPQP7QPPQ

PQ

Q

$QP

Q

P

QQ7QQ

$

Q

E

F

E

7GVGV

Q

{
}

{ ×=ν⋅

=++=

ν−ν⋅+

+⋅+

ϕ+

∞

=

π
∂
∂

=−−
−−−

+−
−+−

++
++++

ϕϕ+
−

+
=

ϕ+

∞

=

π

∑∫

∑

∑

ϕ
�������������

��������� �

���

�
�
�

����������������

����������

��
�

���

���������

�����

��������
����

��������

������

���

���

��
�

��
�

�

��

�

�

�	�	�����

���

�����	�	

��	�	

Q7QQ

Q

Q

EUZU

V

PQPQQQ

PQPQ

QQ

QPQ

QQ

PQPQ

QP

7QPQP7QPPQ

PQ

Q

$QP

Q

P

QQ7QQ

$

Q

E

F

E

7GVGV

Q

{
}ν−ν⋅+

+⋅+

ϕϕ+
−

+
=

ϕ+

∞

=

π

∑

∑

�����

����	�
��	�
��	�

�
��	�
��	

���

���

��
�

��
�

�
�

�

��������

�����

7QPQP7QPPQ

PQ

Q

$QP

Q

P

QQ7QQ

$

Q
E

F

E

Q

where

We get also

[ ] }

{

}

+ ×

× + − − +

+ ⋅ +

+ −

=

−
+

− − −
−

+ + + +
+

=

∞

+

=

−
+

∑

∑

∑

2

1

2

1

4

1
2 1

1 2
2 3

4

0

1
2 1

1

2

2

2

2

m

n
n m
n m nm T nm

a
b

m

c

b

n m n m
n

n m n m
n T

b
c

b
n

n n n T n

m

n

nm
n m

n m nm T nm T

P u P u

m

E P u P u

E P u P u m

( ) !
( ) !

( )( ) ( )( )

( ) !
( ) !

(cos ) (cos )( )

( ) cos ( )

(cos ) (cos )

(cos ) (cos ) cos ( ) .

ϕ

ϕ

π
ϕ

ϕ ϕ

ν ν

ν ν

[ ]

[ ] }

{ [ ] +−++

⋅+

+⋅+−=ν⋅⋅⋅

ν−ν−+×

×+−×

+
++

−
−

ϕ+

∞

=

π

∂ν
∂γ

γ

ϕ+
++++

−
+−−

ϕ+
−

=
+

++
−

∑

∫

∫∫

∑

ϕ

ϕϕ

�
��
��	�
��	��


	
���	

	
���
�	
�

��
��	�
�

��

��	�
��	��


��

������

��

���

��
�

�

���

�����

��

������

����

����

�

���

���

�
��

������

��

�

�

�

�

�

�

�

�

�

Q

QQ

Q

QQ

E

F

Q7QQ

Q

E

D�

UU

V

E

F

UU

V

UU

V

7Q

PQPQ

QQ

PQPQPQ

E

F

P

E

D

QP7QPPQ

PQ

Q

P

Q

QQ

Q

Q

E

F

������	

	�
���������

����
�������

��

����
��

�

7GVGV

7GVGV7GVGV

�



561

{
}

{

K n p n

n

E

L n p n

n

nm
a
b

m

c

b

n m n m
n

n m n m
n

n m n m
n

n m n mn m
n n nm

nm
a
b

m a
b

m

c

b

n

= − − + − + + − +

+ − − +

+ − +

= + − − + + − +

+

− − −
−

+ + + +
+

+ + + +
+

− − +
−

+

( ) ( ( ) ) ( ) ( ) )

( ) )

( ) ,

( ( )( ) (( ) )

( )( )
( )

( )( )
( )

( )( ) ( )( )
( )

(

1 2 1 1 2 1 1

2 3

2 2 1 1 1

2

1
2 2 1

1 2
2 3

1 2
2 3 2 1

4 1 4

2

2

2

2

2

  (

(

 (

b
a

}− − +
−

+ + + +
+ −

+ + + +
+− + − −m n mn m

n n
n m n m

n n
n m n m

n nmE)( )
( )

( )( ) ( )( )) ) .
2

2 1
1 2
2 3 2 1

1 2
2 32 ( (n-m-1)(n- m)

The coefficient An cannot be determined by n=1. It can be expressed

{ {

}

A p

E

nm
L

K
n
n

n
n n

c

b

mn mn n m
n n

n m n mn m n
n n n

n m n m n n
n n n

n m n m n

n n

n

n n nm

nm

nm
= = + + +

+ − +

− −

+
−

+
− +

+ + − +
− +

− − + +
− + −

− − − − −
− + −

+ + + + +
− +

+
− +

2
1

2 1
1 2

4 7 2 2 1
1 2

2 1
1 2 2 1

1 2 3 2
2 1 2 2 1

1 2 2 1
2 1 2 3

2 1
1 2

1 2
2

2

2

2 2

( )( ) ( )( )

( )( )( )
( )( )( )

( )( )( )
( )( )( )

( )( )( )
( )( )

( )
( )( )

.

By excluding differences of great  numbers we obtain

{
{ } }

{

ϕ

ϕ

= + − +

− − − − +

+ + − +

− −

≠
=

≠
=

∞
+
−

+
− +

+
− +

+ −
+ − +

+
+ −

∞
+
−

=

+
− +

∑

∑ ∑

1 2
1

2 1
1 2

1
2

4 2
1 2

3 43 22

4 2 5 2

27 45

4 2 3

2 2
1

1

2 1
1 2

1
2

1
0

2

2

2

2

2

3 2 2

1
0

2

2

2

2

1 2

1

1 2

1

b
n
n

n
n n

c

b n

c

b

n
n n

n n

n n n

n

n n n T n

b
n
n

m

n
n

n n
c

b nm

c

b

n
n

n
n

p E

P u P u

p E

( )( )

( )( ) ( ) ( )

( )
( ) ( )( )

( )

(cos ) (cos )

( )

{
} }

4 6 2 12

2

2 3 24 22 36 43 12 22 24

4 2 5 2

6 27 24 18 45 36

4 2 3

2

2

2 2 3 2 2 2 2

3 2

2 2 2

2

n mn n m

n n n

m n n mn m n mn n m n m

n n n n

m n n mn m n m

n n n

n m
n m nm T nm TP u P u m

+ + +
+ −

+ − + − + − − +
+ − +

− − − − −
+ −

−
+

− +

+ −

( ) ( )

( )

( ) !
( ) ! (cos ) (cos )cos ( ) .ϕ ν ν

ϕ

Since

{

}

[

1 1

0

1
2

1
4 2 1

1
4 2 3

1

2
4 2 1

6
4 2 3

1 2
1

2

2

2

2

2

2 2

1
0

1

1

1

r b
n

n
c

b n n n T n

c

b
m

n
n m

n m nm T nm
m n

n n
m n

n n T

b
n
n

n

P P u P u

P u P u m

S
n
n

= − + − +

− − − −

′ ′

= − +

=

∞

− +

=

−
+

−
−

+
+

∞
+
−

+

∑

∑

∑
≠
=

(cos ) ( ) (cos ) (cos )

(cos ) (cos )( )cos ( ) .

(cos )

( ) ( )

( ) !
( ) ! ( ) ( )

ψ

ν ν

ψ

ϕ

ϕ ϕ

Green  s function S for Stokes  problem of the spheroidal Earth can be written

S

sph

sph { {

} } ]

1
1 2

1
2

4 2
1 2

3 43 22

4 2 5 2

27 45

4 2 3

1
2

1
4 2 1

1
4 2 3

2 1

1

2

2

2

2

2

3 2 2

2

2

( )( ) ( )( )

( ) ( ) ( ) ( )

( )

( ) (cos ) (cos )

n n
c

b n
c

b

n
n n

n n

n n n

n

n n

c

b n n n T n

p E

P u P u

− +
+

− +

+ −
+ − +

+
+ − − +

∞

− − − +

− − − + − +ϕ

[

By excluding differences of great numbers we obtain
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Green’s function Ssph for Stokes’ problem of the spheroidal Earth can be written
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The terms of this expression decrease as 1: n. Some useful indications can be found at Thông and
Grafarend (1989).
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