A solution of Stokes problem for the
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A solution of Stokes' boundary problem for the ellipsoidal (spheroidal) Earth accounting for terms of
the order of the Earth' s flattening can be obtained in spheroidal coordinates u, v, w, which are
connected with cartesian ones by formulas
X=C sinu cosv chw, y=c sinu sinv chw, z=c cosu shw,
Lamé' s coefficients being
h.=hw=c(ch®w-sinu)?, h,=c sinu chw.
On the Earth’ s spheroid we have

h=h=a (1-sin’u)"?, h=asinu,

where c=(a®b?)" and a, b are the semi-axes of the spheroid. Green’ s function of the Stokes
problem for the ellipsoidal Earth can be established by means of Green’ sformula

47T :J'(Tﬂiv%_i Z1)dS, 1)

T being the disturbing potential, v the externa normal to the ellipsoidal surface S rrgs being the
distance between the fixed point out of the spheroid and the element dS. The Green’ s function can be

found as a sum i + ¢, the function ¢ being a harmonic function out of the spheroid. The derivative

% can be excluded from the formula (1) by means of the boundary condition

ST =-9-»),
g being the gravity, yits normal value. Then
T=2f [THGE+0) -1 BGL +9) [4GL +)(@ »)|ds
S

the unknown part ¢ of the Green’ s function should satisfy the boundary condition

Foi@eg 3 dR =0 @
This approach is suggested by Ostach (1969). It can be written
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ang=[ [p&- -0 Jas 3)

The derivative Z—‘z can be excluded from (3) by means of the boundary condition (2) and an integral
equation for function ¢ will be obtained

47T¢ .[ dV r¢ds % Q; ]dS ";s [% "Tlds _rTlds % % ]dS

S S

or

- A -y R Indv=f SR L B E a0

Asitisknown

"¢ds

= '—Ci (2n +1)[ P (cosu) P, (cosu, ) Q, (ishw;, ) P, (ishw) +

+22:1 (=D)" (o) Pan(0OSU) Py (COSU, ) Qu (i, ) oy (i) cosm(v —v,) |.

We have for the current point of the surface S

1 i (2n +1)[ P, (cos u) P, (cos u,)Q, (ishw, ) = +

N i
AN e c dw

+ZZ (=)™ () Pan(COSU) Py (OSU, ) Qy (ishwy, ) o5 cosm(v = v, ) |,

(n+m)

where
Py (ishw)
(P quee = =3[ (V=M +DP 1 (18) (0 +Di B P (D) |
It can be obtained by means of known formulas (Gradshtein, Ryzhik 1965)
i b dan(|ShW) 2m (n+m)!
Qnm(l C)( )ShW_* _( 1)m d ( ) " (n m)l 2n+1
2 ¢ (n-m)(n? —mn+n+2m) _ (n+m+1)(n+m+2)

x [1+C_2( 2n(2n-1) 2(2n+3) ) ]

and

. . - m ¢ sa\2m (n+my)!
Qnm(I %) I:?1m(| %) - (_1) '_(_)2 2nl+l (n-m)! x

c? ((n-m=1(n-m) _ (n+m+2)(n+m+l)
X[1+b_2( 2(2n-1) 2(2n+3) ) ]

It can be written with the assumed accuracy

y=Cu(1-1 -3p -1 cogu +5 p cofu),

2 p2
9) 1c?
G = (135 —5cos’u —; p +5 peos’ u)
0= —2(1—%% cos’ U +p),
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where p = % The function ¢ for the spheroidal Earth can be represented by an expansion

=1 i (2n + 1)[AnPn (cos uy )P, (cos u)Q, (ishw; )P, (ishw) +
n=0

25 (D" (B 4, P, (cos up )P, (cos u) X
m=1
xXQ,, (ishw, )P, (ishw)cos m(V; —V) ]

or

2 -1 +1)(n+2
[A P, (cos u; )P, (cos u)[l (g~ ) ]+

0=}

||M8

z nm EZ;Z;: (%)zmpnm (COS ur )an (COS u) X (5)

2 (n=m=l)(n=m) _ (ntm+)(n+m+2) _
x[1+2—2( 1 ;”(Zn_f)’” L "’2(2nf3;” ) ]cos m(Vy v)].

It will be possible to express coefficients A, after substitution of formula (5) into the equation (4)
and collecting terms with Py, (cosu;) Prm (COS U). Since

Jjn cos m(V = Vz )cos m(V =V )dv = Tteos m (Vg -vy ),

_an g (r41)(n+2)
_[ ¢ w V¢d - TT[ Z {2n+l n(COS Ur )P (COS Z/l¢ ) [I +o (2n—l s 2n+n3 ) ] +

— - 2_
+2 Z Apn? (COS MT )an (COS uq))(n m)! [1 +Z_§((ﬂ m)(n“—mntm) _ (n+m+l)(n+m+2)) ]X

2n+1 nm (n+m)! n(2n-1) 2n+3

xcosm (Vy —Vy) }

The next integral can be expressed by means of the known relation

2 — (ntm)(ntm-1) 2n -2 2n-1
coS MP (COS Z/l) WP —2.m (COS M) + WP (COS M) +

(n—-m+1)(n—-m+2)
“anans) Lnrm (€OS ).

Then

[ 7 G Ry = 20+ p)f SE v+ SEy cos” u dudy =

n(n-1 n+)(nt+2)
:-%‘(Hp)zo {2n+1 P, (cos u; )P, (cosu¢)[1 b2( ) Ny |+

nm )‘
+2 Z 2n+l Z+nm1)x P, (cos u; )P, (cos U )%

m=l1

2 (nmm=)(n=m) _ (mém1)(mtm+2) -
(1 st e Jeog ey, -v) }+

559



+45 % z {%Pn (cosuy )P, (cosuy)E, +

n=0

A l:?n ) -
2;7:'-1] n+m)l nm (COS Z'{l ) nm (COS u¢ )Enm cosm (V'/' V¢ ) }’

+
[\
M=

3
I

where

— (ntm+2)(n+tm+) | 2,2 0m2+2n-1 4 (n—-m=1)(n—-m) -
E.m = Gmmiams t Gty T a2 En = B m=o

We get also

aI o o ’m —Lsin ududv =4 Z S {P (cos uy )P, (cos uy ) X

x |1+ <5

(n+l)(n+2) ( )! 4
2(2n—1 o) ]+2Z (:+Z)IP (cos uz )P, (cos uy )(§)™ *

m=1

2 (n—-m )(nz—nm+m) _ (ntm+)(n+tm+2) _
X [1 + 2n+3 ) ]COS m(Vy =Vy) }»

af et E{; Eglsm ududv = 2a(1+ p)f El—sm ududv +

N

+a ZI L3 cos® usin u dudv=
b Tods s
s

- 2 n(n-1 1)(n+2
314 p)S ol Py(cos ty )P, (cos iyl + £ (2t - by ]
n=0

£23 {5 Prn(00SU ) Py (005U, )(3) "

x[l_'_g_i((n—mz—nlz(ln—m) _ (n+m+2:l_r)1(+n3+m+2)) ]COSYT'I(VT -v,) } +

G Z -2:{ E.P.(cosu; ) P, (cosu, ) +

+22 E ot Pon(COSUL ) P, (COSU, ) cosm(vy =) |
m=1

We get
KnmAnm= L nm

where
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Kim = (0= =22 (1 +p) -1 +(2n +1) ()*" D) +

2 (n-=m-1)(n-m) (n+m+1)(n+m+2)
+;_2{ (2n=3)( 2(2n-1)  (2n+3) )+

(n+m+1)(n+m+2) _ (n-m)(n® -mn+m)
+( 2n+3 n(2n-1) ) +E } !

L =N+2-21=(L+P)R)"™ +n(@)"" -D) +

+ (n- m)(n2 -mn+m) _ (n+m+1)(n+m+2) (n-m-1H(n-m) _ (n+m+)(n+m+2)y _
_2{ n( n(2n-1) 2n+3 ) +2( 2n-1 2n+3 ) -E }

The coefficient A, cannot be determined by n=1. It can be expressed

— Lm — n+2 2n+1 2 ) 4mn?+7mn+2n-2m+1
Ahm " Kum {1 2p(n 1(n+2) +b2{ (n=1)(n+2) +

(n-m)(n?-mn+m)(2n+1) _ (n-m-1)(n-m)(2n? -3n-2)

(n-1)(n+2)(2n-1) 2(n-1)(n+2)(2n-1)
_ (n+m+1)(n+m+2)(2n+1) _  (2n+1) E }
2(n-1)(2n+3) (n-1)(n+2)

By excluding differences of great numbers we obtain

-1 n+2 2n+1
¢ - EZ { (n— 1)(n+2)(2p E ) +
n#zl
_1c 4n+2  _ 3n%+43n-22  _  27n+45
2 p? {1 (n-1)(n+2)  4(2n®+n?-5n+2)  4(2n%*+n-3) }R‘(COSUT)P”(COSU¢) } *
00 n
2 (n+2) 2n+1 _
+BZ (n-1) {1+ (n— 1)(n+2)(2p nm) +
Nzl m=1
—1c% ]9 _ 4n®+6mn+2n+12m _ 2mn®+3n°-24mn? +22m?n -36mn +43n* ~-12m? 22n +24m
2 p? n(n?+n-2) 4an(2n®+n? -5n+2)

+ 6m?n-27n% —24mn-18m? -45n -36m } (n-m)!
4n(2n?+n-3) (n+m)!

Pn(cosu,) P, (cosu, ) cosm(v —v¢) }

Since

1 -1 1c 1 _ 1

?_BZ { R, (cosy) 5*( +4(2n—l) 4(2n+3))Pn(COSUT)Pn(COSU¢) +
n=0
n

_c% (n-m)!

[
b2 (n+m)!
m=1

2 2
Pom(COSUL ) Py, (COSU, ) (1~ 250 =8y cosm(vy —v,) |-

Green's function Sy, for Stokes’ problem of the spheroidal Earth can be written

0

— _ 1 n+2 2n+1 _c _1c __ 4n+2
San = S(oosy) ~1+3 5 [ m{ e @P-gE) e 1w

=
n#l

3n?+43n-22  _  27n+45 }}
4(2n+n2-5n+2)  4(2n?+n-3)

@1+ | P (cosu, ) B, (cosu, ) +

2 bz 4(2n 1) 4(2n+3))
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00 n
2 n+2 2n+1 _1c?|1 _ 4n%>+6mn+2n+12m
+ b Z Z n-1f (n-1)(n+2) (2p 2 ) 2 p? [1 n(n?+n-2) +
ner M=1

_ 2m?n?+3n° —24mn? +22m?n -36mn +43n? -12m? —22n +24m +
4n(2n®+n2-5n+2)

+ 6m’n=27n* ~24mn ~18m’ ~45n -36m ] ] +
4n(2n?+n-3)

2 — 2 mz
_%;_2 1+ 42(22:11) B 42:26n+3) } (n+m)| Fim(COSU; ) By, (COSU, ) cosm(vy =),

0

where S(cosy) =1 201p (cosy).

n=2

If the gravity anomalies are expressed by

0

9=y =3 AR(ost)+3 S AR, (cosu)

n=2 m=1

their influence upon the disturbing potential is

Anmcosmv n+2 1 c? 4n?+6mn+2n+12m
or = bZ Z Bnmsmmu {W(Zp b2 E“m) 2(2n+1) p2 1- n(n?+n-2) *

_ 2m?n?+3n® -24mn? +22m?n —36mn +43n° <12m” - -22n+24m + 6m’n-27n° —24mn-18m? —45n -36m } } +
4n(2n®+n?-5n+2) 4n(2n?+n-3)

n-2m*> _  n+6m? ) ]Pn(COSUT).

2(2n+1) b2 (1 4n(2n-1) 4n(2n+3)

The terms of this expression decrease as 1. n. Some useful indications can be found a Théng and
Grafarend (1989).
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